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We present a model for a Chern insulator on the square lattice with complex first and second
neighbor hoppings and a sublattice potential which displays an unexpectedly rich physics. Similarly
to the celebrated Haldane model, the proposed Chern insulator has two topologically non-trivial
phases with Chern numbers ±1. As a distinctive feature of the present model, phase transitions
are associated to Dirac points that can move, merge and split in momentum space, at odds with
Haldane’s Chern insulator where Dirac points are bound to the corners of the hexagonal Brillouin
zone. Additionally, the obtained phase diagram reveals a peculiar phase transition line between two
distinct topological phases, in contrast to the Haldane model where such transition is reduced to a
point with zero sublattice potential. The model is amenable to be simulated in optical lattices, facil-
itating the study of phase transitions between two distinct topological phases and the experimental
analysis of Dirac points merging and wandering.
I. INTRODUCTION
The study of topological phases in electronic systems,
particularly topological insulators, have become an area
of vast interest in condensed matter physics [1–3]. Ar-
guably, the first experimenal realization of a topolog-
ical electron system is associated with the discovery
of the quantum Hall effect by von Klitzing [4] almost
fourty years ago. This phenomenon takes place in two-
dimensional systems at high magnetic fields, when a
quantized Hall conductivity and dissipationless surface
conducting states appear. High magnetic fields are not
easy to realize, which motivates the interest for an effect
with the same transport properties under a zero applied
magnetic field – the quantum anomalous Hall effect [5].
Both quantum Hall and quantum anomalous Hall sys-
tems are two-dimensional insulators with broken time-
reversal symmetry. Their topological character is associ-
ated with a topological invariant called first Chern num-
ber (C), which is equal to the Hall conductivity in units
of e2/h [6]. Different Chern numbers describe different
topological phases of matter, while C = 0 corresponds
to the normal insulating phase. In modern language this
systems are known as Chern insulators [3].
The first theoretical realization of the quantum anoma-
lous Hall effect is due to Haldane [7]. He proposed a
Chern insulator toy model considering a honeycomb lat-
tice with two different types of atoms subjected to a sub-
lattice potential ±M and with second nearest neighbor
complex hoppings of the type t2e
±iφ. These hoppings
were responsible for breaking time reversal symmetry and
are the effect of a local magnetic flux density built in such
a way that its total flux in the unit cell, and therefore in
the whole system, is zero. Depending on the values cho-
sen for the parameters of the Haldane model – M and φ –
it is possible to obtain a trivial insulating phase (C = 0)
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FIG. 1. (a) Phase diagram of the Haldane model. (b) Phase
diagram of the model proposed in Eq. 2.
or topological phases with C = ±1, as can be seen in
fig. 1(a) where we show the phase diagram of the Hal-
dane model, reproduced here for clarity and comparison.
Believed to be of unlikely realization in a solid state sys-
tem, this model settled ground to the discovery of time
reversal invariant topological insulators [8–11], which fu-
elled the field in the last decade [12]. The observation
of the quantum anomalous Hall effect was acheived in
a magnetic topological insulator [13]. This was followed
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2by an experimental realization of the pioneer Haldane
model using cold atoms trapped in optical lattices [14],
opening the door to study the effect of interactions [18]
and disorder [15–17] in Chern insulators experimentally
in a controlled way.
In the presence of multiple energy bands and transla-
tional invariance, a topological phase transition is asso-
ciated to a gap closing at some band crossing point(s)
in the reciprocal space [19, 20]. If the energy disper-
sion relation near these points is linear in the reciprocal
space vector k, they are called Dirac points [3]. Since
Dirac points are monopoles of Berry curvature [19], they
arise naturally in Chern insulators at the boundary be-
tween phases with different Chern number. In the Hal-
dane model, as recognized in the seminal paper [7], there
is a single Dirac point along the full phase transition line
shown in fig. 1(a), except at the point M = 0, φ = 0,
where there are two Dirac points – the case of graphene.
Either one or two, Dirac points in the Haldane model are
bound to the corners of the hexagonal Brillouin zone and
they do not move by changing the parameters M and φ
of the model.
Under certain conditions, Dirac points can move,
merge and split in k-space for continuous variations of
the Hamiltonian parameters. This can be achieved, for
example, by considering models with asymmetric changes
in the hopping parameters [21–25]. In graphene, hop-
ping changes may be induced by applying strain [26, 27],
but the high strain values required strongly limit the ef-
fect. To circumvent this limitation, moving and merging
Dirac points have been proposed in ac-driven graphene
[28], patterned graphene [29], and artificial graphene [30].
They have also been proposed in honeycomb optical lat-
tices [31, 32] and square optical lattices [33], which seem
to be even better platforms. Indeed, the ability to cre-
ate, move and merge Dirac points [34, 35], has been re-
cently demonstrated using honeycomb optical lattices.
Possible applications of merging Dirac points range from
valleytronics [36] to plasmonics [37]. Interesting effects
due to electron-electron interactions [38, 39] and disorder
have also been proposed [40].
Here we propose new model for a Chern insulator re-
alized on the square lattice, with a richer phase diagram
than the Haldane model, as shown in fig. 1(b). Two
interesting properties stand out: (i) a topological transi-
tion between C = ±1 phases exists for a finite staggered
potencial range −1 < M < +1, as depicted by the verti-
cal red line in fig. 1(b), while in the Haldane model such
transition is reduced to the point M = 0, φ = 0; (ii)
up to four Dirac points are found at the phase transition
lines, which are allowed to wander, merge, and split in
reciprocal space as a function of the model parameters
M and φ3 (to be explained below), while in the Haldane
model they are bound to fixed momenta. The model
can be simulated using a square optical lattice, enabling
the simultaneous analysis of Chern insulating phases and
their phase transitions, as well as the movement, merging
and splitting of Dirac points. Semi-Dirac points are also
realized for some merging conditions.
II. MODEL AND METHODS
A. A simple square lattice model
We present here a toy model composed by a lattice
with two interpenetrating square lattices of atoms A
and B, as shown in fig. 2. This model considers com-
plex hoppings between first and second neighbors, re-
spectively of the type t1e
iϕα1 and t2e
iϕβ2 , with α and β
being respectively the four indexes of the first and sec-
ond neighbors. The phases ϕα1 and ϕ
β
2 were imposed in
such a way that the total flux in the unit cell, ΦT , is
null. Designating φi as the flux over each of the four tri-
angles composing the unit cell, as represented in fig. 2,
we impose ΦT =
∑4
i=1 φi = 0. This condition does not
univocally fix the phases, and we indicate our choice for
the phases ϕα1 and ϕ
β
2 explicitly in Fig. 2.
FIG. 2. Representation of the lattice used for the toy model.
The red and blue atoms correspond respectively to different
atoms of types A and B. The complex hopping phases are
given for each hopping and the flow of the corresponding flux
is represented by the arrows.
The free parameters of our model were chosen to be the
phase φ3 (and not φ to clearly distinguish from the fluxes
in Haldane model) represented in fig. 2 and a sublattice
potential M : +M for sites A and −M for sites B. For
the present choice, the remaining fluxes are given by,
φ1 =− pi/2
φ2 =pi
φ4 =− pi/2− φ3 . (1)
3The considered fluxes are asymmetric in that they ex-
plicitly break the C4 symmetry of the original lattice.
The Hamiltonian of the present model is easily written
in direct space using second quantization and the field
operators c†r, where c
†
r = (a
†
r, b
†
r) is the creation operator
in the sublattice pseudospin space (a, b denoting the A
and B sublattices, respectively) acting on the unit cell at
position r. Taking into account translational invariance
and introducing the Bloch basis, c†r =
1√
N
∑
k e
−ik.rc†k,
we can write the Hamiltonian of our toy model in the
reciprocal space as H =
∑
k Ψ
†
kH(k)Ψk, where Ψ
†
k =
(a†k, b
†
k) and
H(k) =
[
g(k) +M f(k)
f∗(k) −g(k)−M
]
, (2)
with
g(k) =2t2[cos(k.a1)− cos(k.a2)] , (3)
f(k) =t1[−i+ eik.a1 + e−iφ3eik.a2 + eik.(a1+a2)] , (4)
and the primitive unit vectors a1 = a(1, 0) and a2 =
a(0, 1), written in terms of the lattice constant a.
It is useful to write the hamiltonian in terms of the
Pauli matrices. In units where the lattice constant a = 1,
it becomes
H(k) = h(k).σ , (5)
with the vector h given by
hx(k) =t1[cos kx + cos(−φ3 + ky) + cos(kx + ky)]
hy(k) =t1[1− sin kx − sin(−φ3 + ky)− sin(kx + ky)]
hz(k) =2t2(cos kx − cos ky) +M , (6)
and σ = (σx, σy, σz) is the vector of Pauli matrices.
From eq. (5), the band spectrum is simply obtained as
(k) = ±|h|. As shown below, analytic expression for
band crossing points can be obtained by solving (k) = 0.
When the Hamiltonian is in the form of eq. (5), the
Chern number C can be calculated using the following
expression [6],
C =
1
4pi
∫
BZ
∂h
∂kx
× ∂h
∂ky
· h|h|3 dkxdky , (7)
where the integration is performed over the Brillouin zone
(BZ): kx, ky ∈ [−pi, pi].
B. Low energy, continuum approximation
In the presence of a topological phase transition, the
spectral gap existing in the insulating phase closes at
some band crossing points. These gap closing points are
responsible for the change in the Chern number between
the phases. Near these points the band crossing is gener-
ally linear [19], and we are able to linearize the Hamilto-
nian in eq. (5) provided we are close enough to the phase
transition.
Let us assume that a band crossing point exists at point
P in the BZ associated to a given phase transition in the
phase diagram. After linearization around P, assuming
the parameters are such that the system is close to the
phase transition, we may approximate eq. (5) by
HP(κ) = καGPαβσβ , (8)
where κ ≡ (κx, κy) = k − kP is the small momentum
relative to kP, with kP the momentum associated to the
band crossing point P. In eq. (8), summation over re-
peated indeces is assumed, with κz = 1, and the matrix
GP is the matrix obtained by expanding the Hamiltonian
in eq. (5) around a given band crossing point P. Due to
the linear form of the approximate Hamiltonian in eq. (8),
these gap closing points are called Dirac points.
The contribution of the Dirac point P to the Chern
number, CP, is obtained using eq. (7) and (8),
CP =
1
2
sgn[det(GP)] . (9)
If we obtain CP in two distinct phases close to the phase
transition, we may then compute the difference between
the two results, ∆CP. Since the high energy contribu-
tions cancel, we obtain the total contribution of this
Dirac point to the change in Chern number at the phase
transition [41]. We use ∆CP to further characterize the
phase diagram of the proposed Chern insulator.
III. RESULTS
A. Phase diagram
The obtained phase diagram is shown in fig. 1(b). It
was obtained through eq. (7) and confirmed numerically
with the Fukui method [42].
The C = 0 phase corresponds to a normal insulator.
The energy gap closes at the dashed and dotted curves
which correspond to phase transition lines between a triv-
ial and a topological phase. There are two topological
phases with C = ±1 corresponding to the filled regions
in fig. 1(b). They are separated by a vertical phase tran-
sition line existing at φ3 = pi/2. The equations for the
dotted, dashed, and solid phase transition lines shown in
fig. 1(b) are
4{
M(φ3) = ±2
√
2t2 cos(φ3/2) dotted(+)/dashed(-)
φ3 = pi/2 ∩
∣∣∣ M2t2 ∣∣∣ < 1 solid (vertical) .
(10)
There is yet another line not depicted in fig. 1(b), cor-
reponding to φ = pi/2 and −4t2 < M < −2t2, which does
not correspond to any phase transition but for which the
energy spectrum is gapless.
B. Wandering of Dirac points and its consequences
We have analyzed the evolution of the number of Dirac
points, as well as their position in the BZ, along the phase
transition lines shown in fig. 1(b). We have verified that
the position of the Dirac points changes along the tran-
sition lines. Furthermore, the number of band crossing
points is not conserved. In this section we provide a de-
tailed analysis of this behavior.
1. Single band crossing point
The dotted curve in fig. 1(b) is associated with a sin-
gle band crossing point everywhere, except at φ3 = ±pi
where there are two Dirac points. The same applies to
the dashed curve, except at φ3 = pi/2, where it also has
two band crossing points. For for φ3 6= {±pi, pi/2}, the
position of the single Dirac point along these curves is
given, for the dotted curve, by
{
(kx, ky) = (xM+ , yM+) φ3 < 0
(kx, ky) = (xM− , yM−) φ3 > 0
, (11)
and for the dashed curve, by
{
(kx, ky) = (xM− , yM−) φ3 < 0
(kx, ky) = (xM+ , yM+) φ3 > 0
, (12)
where

xM± = ±2arctan
[
M+2t2√
8t22−M2±2t2
]
yM± = 2arctan
[ √
8t22−M2∓M√
8t22−M2±(M+4t2)
] . (13)
2. Multiple band crossing points
At φ3 = ±pi, we have two Dirac points at (kx, ky) =
(−3pi/4,−3pi/4) and (kx, ky) = (pi/4, pi/4). For φ3 =
pi/2, the phase transition line is very rich in terms of
band crossing points as their number ranges between 1
and 4 due to merging and splitting of Dirac points. This
case is analyzed in the following.
Let us fix φ3 = pi/2. As long as M > 2t2, we are
not yet at the phase transition line and there is a gap in
the energy spectrum corresponding to a trivial insulator
[fig. 3(a)]. This gap closes for M = 2t2, at a single band
crossing point, (kx, ky) = (pi/2, 0), [fig. 3(b)]. This band
crossing point is not a conventional Dirac point, as the
energy spectrum is quadratic in the ky direction and lin-
ear in kx – which is called a semi-Dirac point [43]. This is
known to be a consequence of the merging of two Dirac
points [21, 22, 44–46], in this case in the ky direction.
Indeed, topological phase transitions accompained with
higher order band crossings, for example quadratic band
crossings, exist and can be interpreted as the merging of
two or more Dirac points [47].
Slightly reducing M , still with fixed φ3 = pi/2, we ob-
serve that the semi-Dirac point splits in the above men-
tioned two Dirac points in the ky direction [fig. 3(c)],
which we call P+ and P−. These points move away
from each other in the ky direction, untill they reach
the boundaries of the BZ for M = −2t2 [fig. 3(f)], where
they again merge. Their coordinates for −2t2 < M < 2t2
are given by
P± =
{
pi
2
,±arccos
(
M
2t2
)}
. (14)
For M = 0 [fig. 3(d)], a new band crossing point shows up
at the boundaries of the BZ, (kx, ky) = (±pi,±pi). This
point is also a semi-Dirac point, being quadratic in the
kx direction. For −2t2 < M < 0 [fig. 3(e)], this single
point splits in two in the kx direction, which we call P
′
+
and P ′−, with coordinates given by
P ′± =
{
pi,±arccos
(
−M
2t2
− 1
)}
. (15)
An important detail not shown in the figures is that these
points exist for −4t2 < M < 0, and therefore survive out-
side the boundaries of the φ3 = pi/2 phase transition line.
They give rise to the gapless spectrum associated with
the extension of the vertical transition line in fig. 1(b),
mentioned in section III A.
A global overview of the motion, merging and splitting
of the Dirac points for the φ = pi/2 gapless region of the
phase diagram (−4t2 < M < 2t2) is given in figure 4.
3. Contribution to the topological invariant
Based on the methods from section II B, we computed
the contributions of Dirac points to the Chern number
for the different phase transition curves. For curves as-
sociated to a single Dirac point [dashed and dotted in
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FIG. 3. Motion of the Dirac points along the φ3 = pi/2 phase transition line: (a) M > 2t2, (b) M = 2t2, (c) M = t2, (d)
M = 0, (e) M = −t2, (f) M = −2t2.
fig. 1(b)], its contribution was confirmed to be trivially
∆C = 1.
For the φ3 = pi/2 phase transition line the contribu-
tions are as follows. By expanding the Hamiltonian in
eq. (5) around P+, the contribution to the Chern num-
ber obtained from eq. (9) is
CP+ =
{
−1/2 φ3 . pi/2
1/2 φ3 & pi/2
. (16)
This meas that P+ contributes with ∆CP+ = 1 for the
change in the Chern number. Doing the same for P−, we
verified that this point had exactly the same contribu-
tion. Therefore, P+ and P− contribute to a total change
of ∆C = 2 between the topological phases. For the points
P ′+ and P
′
−, we obtained that for all their domain of ex-
istence
CP ′+ = −CP ′− =
{
1/2 φ3 . pi/2
−1/2 φ3 & pi/2
, (17)
thus giving canceling contributions. We then conclude
that P+ and P− are the points responsible for the change
from C = −1 to C = 1 between topological phases. It
thus makes sense that P+ and P− exist for −2t2 < M <
2t2, while and the additional points P
′
+ and P
′
− exist
for −4t2 < M < 0. If the latter were to have any net
contribution for the topological transition, we would have
a phase transition for −4t2 < M < 2t2 which is not the
case.
IV. CONCLUSIONS
We have put forward a new model for a Chern insu-
lator which is characterized by a richer phase diagram
than the celebrated Haldane Chern insulator. An inter-
esting new result regarding the obtained phase diagram
is the appearance of a phase transition line between topo-
logical phases in the (M,φ3) parameter space. This im-
plies a transition between non-trivial phases for non-zero
sublattice potential. This phenomenon does not occur
for the Haldane model in which the transition between
6-3 -2 -1 1 2 3
kx
-3
-2
-1
1
2
ky
P+
P-
P'+
P'-
M = -2t2
M = 0M = -4t2
M = 2t2
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FIG. 4. Overview of the motion, merging and splitting of the
Dirac points in the BZ for φ3 = pi/2 and −4t2 < M < 2t2
[along the vertical line in Fig. 1(b)]. All four Dirac points
existing in this region, P± and P ′± [eq. (14) and (15)], are
depicted in the figure with the corresponding motion lines
given in the legend. The arrows point to regions of higher M
and the dots describe the merging or splitting of Dirac points.
C = ±1 phases occurs only for M = 0 [compare fig. 1(a)
with 1(b)].
Another striking characteristic of the proposed Chern
insulator is that Dirac points at the phase transition lines
can move, merge, and split in reciprocal space, while in
the Haldane model they are bound to fixed momenta. Of
particular relevance is the behavior of Dirac points for
the vertical transition line in fig. 1(b), when φ3 = pi/2.
There, up to four Dirac points are found, which move
as M is changed, merging in pairs as semi-Dirac points,
with subsequent annihilation or splitting. Of the four
Dirac points found, only two contribute to the change
∆C = 2 in Chern number across the phase transition,
where C = +1 on one side of the transition line and
C = −1 on the other. The phase transition exists as long
as both points are separated and ceases to exist when
they merge and a trivial insulating gap is opened.
The model here proposed extends the physics of mov-
ing and merging Dirac points, studied previously in mod-
els with tunable hopping values [22, 31, 33], to the realm
of Chern insulators where only hopping phases (φ3 in the
present case), and not their absolute values, have to be
changed. It also enables the study of semi-Dirac points
[45] within the same set up where Chern insulating phases
are realized.
The realization of the Haldane Chern insulator [14], as
well as the ability to create, move and merge Dirac points
[34, 35], has been recently demonstrated using ultracold
atoms in an optical lattice. In Refs. [14] and [34, 35],
a challenging honeycomb lattice to trap fermionic atoms
had to be realized using interfering laser beams. Within
the present model, a much simpler square lattice is
required, thus facilitating the study of Chen insulat-
ing properties and Dirac points merging and wandering,
which can be done simultaneously within the same set-
ting. It would also be interesting to study the effect of
interactions in such a rich playground [48].
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